Ordinal and Cardinal Utility
Ordinal utility may be defined as ranking, and/or setting aside in human action, or choice. Etymologically, ordinality in this context stems from ordering, preferring. For example, here might be the rank ordering of Mrs. Smith, consumer: 1st: 10 eggs; 2nd: $5; 3rd: 9 eggs; 4th: $4; 5th: 8 eggs; 6th: $3... 1 There is no dispute about this amongst economists. In Hicks' [31] seminal discussion of Pareto, the old utilitarian notions were thrown overboard. No longer did mathematical economists need to rely on dubious assumptions that troubled philosophers; the Law of Demand and other components of consumer theory could be reformulated with a purely ordinal foundation. There are no extant cases where a member of the dismal science in good standing rejected this concept, or denied that we are capable of such orderings [54, p. 6] . Ordinal utility, then, is one of the pillars of the modern dismal science.
Cardinal utility, in very sharp contrast, is a different matter indeed. Here, numerical measures of utility are assigned to different goods, services, objects. For example, one might say that for Mr. Jones, a pencil offers him 5 utils (units of happiness or utility), a wrist watch 10 utils, and a shirt, 20 utils. Since these are all cardinal, or objective numbers, it is thus possible to perform mathematical operations on them. For instance, based on these cardinal numbers, we are entitled to infer that for Jones, a shirt is equivalent, in terms of utility, to two watches, or to four pencils; that two pencils are worth, to him, one watch. 2 Very few economists accept cardinal utility, at least the rather simplistic or elemental version of it we have so far discussed. They full well realize that, while there are indeed objective measures of length (inches, meters, miles), weight (pounds, kilograms), speed (miles per hour), etc., there are no such objective measures of happiness or utility, such as utils. These are merely a heuristic device, so to speak, for most professionals in the discipline. 
Wealth Redistribution
There are of course exceptions. For example, one of the justifications for income redistribution from rich to poor can be seen in diagram #1. Here, utility appears explicitly in the form of "utils," on the y axis, while money, or wealth, is depicted on the x axis. The downward sloping curve illustrates decreasing marginal utility, from which we can deduce that a dollar taken away from the rich person, B, and given to the poor person, A, will increase total utility, in that the last dollar spent by B yields him less satisfaction than the marginal dollar spent by A.
According to Pigou [46, p. 89 ]: "…it is evident that any transference of wealth from a relatively rich man to a relatively poor man of similar temperament, since it enables more intense wants to be satisfied at the expense of less intense wants, must increase the aggregate sum of satisfaction." 4 If this is not the employment of cardinal utility in the context of technical economics, it is difficult to know what would be.
This treatment is highly problematic in that not only does it embrace explicit cardinal utility, it also engages in interpersonal comparisons of utility. It is one thing to claim that Jones values his shirt twice as highly as his watch; it is quite another, and even more fallacious if possible, to take the position that Jones derives half as much satisfaction from his pencil as does Smith from her egg.
Nor is this wealth redistribution argument the only case on record where cardinal utility is embraced so explicitly. 5 But these are few and far between, and thus less harmful to our profession; they are not endemic.
Indifference Curves
The same cannot be said, unfortunately, for indifference curve analysis. This practice is so ubiquitous that no citation is even offered. How, then, do indifference curves logically imply cardinal utility?
At first glance, this is not the case. Far from it. In diagram #2 we depict the "usual" indifference curve set. Note that the three indifference curves are labeled 5, 6, and 7 utils, respectively, in increasing order as we move away from the origin. The argument for the interpretation of this graph in terms of ordinal, not cardinal utility is the following: the numbers, 5, 6 and 7 serve, merely, as markers, in this context. And, as such, they are clearly ordinal not cardinal. For example, we could have labeled the three indifference curves, instead, 50, 60 and 70 utils, or 500, 600 and 700 utils, or, for that matter, 1, 2 and 3 utils, or 10, 20 and 30 utils, and it would not have made any nonevermind. All that any of the labels would have indicated is that the indifference curve closest to the origin yields the least utility, the one furthest away, the most, and the one in the middle takes on an intermediate role in this regard. "If that isn't ordinal utility, what is?" might argue the advocate of interpreting indifference curves solely as ordinal.
This argument however, moves too fast. This can be seen by focusing on point C, where the budget line and indifference curve "6" are tangent to one another. The algebraic interpretation of this joinder is of course:
There is no problem with the right side of this equation. The prices of Y and X, respectively, are properly cardinal numbers, and the usual mathematical operations (division in this case) may be performed on them. Matters are far more difficult with the left side of this equation. For, here, we are dividing one number by another number, and, this can only be done with regard to cardinal numbers, not ordinal ones. For example, it is mathematically correct 6 to divide the cardinal number 100 by the cardinal number 50 and arrive at the cardinal number 2. But, what are we to say of an attempt to divide the ordinal number 100 th , by the ordinal number 50 th , and derive the ordinal number 2 nd ? This would be an utter impossibility. Indeed, it would be mathematical gibberish.
Nor will there be any improvement in such matters merely by transposing equation (1) into (2):
If anything, there is now a worsening. For in equation (1), at least the right side of it achieves mathematical legitimacy. Not so in equation (2) . For, it is illicit to divide an ordinal number by a cardinal one. For example, the mathematical phrase, "18 th divided by 3" succeeds in yielding only a literally meaningless statement. It is certainly not true that "18 th divided by 3" is equal to the cardinal number 6, nor, yet, to the ordinal number 6 th . On the contrary, it is quite literally meaningless. 7 Thus, we can see that the mere labeling of the indifference curves masks the underlying reality. Yes, the nomenclature utilized in marking them appears, superficially compatible with ordinal utility. After all, if 5, 6 and 7 serve, merely, as markers, and could be substituted for by 50, 60 and 70 utils, or 500, 600 and 700 utils, or, 1, 2 and 3 utils, or 10, 20 and 30 utils, then this is all compatible with ordinality. However, this is not so; indeed, cannot be correct. For, given what the tangency point tells us, there are and must of necessity be cardinal numbers involved in this technique. How else could the mathematical operations performed on them in equations 1 and 2 be coherent?
Neo classical economics is thus challenged with a dilemma: either eschew ordinal utility, or jettison indifference curves. 8 Cardinal utility and indifference curves go together; you can't have one without the other. Instead, the challenge taken up by mainstream economists is to find some way of squaring this particular circle with ever more sophisticated quantitative techniques at higher levels of abstraction.
The history of the nature of utility has been a checkered one of moving backwards and forwards between cardinalism and ordinalism. Of the three founders of the law of declining marginal utility, Jevons (1871) was probably the most explicit in defining utility in hedonistic terms that could later be made amenable to quantitative techniques of differentiation. Walras (1874), whose project was to derive a pure quantitative approach to the theory of value, deferred to a numeraire from which cardinal utility could be inferred. Walras essentially turned the problem into an objective function by asking the question: based on a given state of endowments, what should the exchange values be in order to ensure the continuation of current production by avoiding any income distribution effects -his "theorem of equivalent redistributions"? Only Menger (1871) remained true to an ordinal conception of the problem, arguing that quantitative techniques alone could never solve the problem posed by the interposition of subjective individuals amongst their objects of choice. Walras essentially cut out the subjective individual from his equations.
The supposed acceptance of ordinalism by modern neoclassical economists could never quite rid itself of the implicit cardinal use made of utility functions or attempts by Lange (1934) and von Neumann and Morgenstern (1944) to cardinalise ordinal utility for interpersonal utility comparisons. Cardinalisation is essential for the application of quantitative methods.
At higher levels of abstraction it is argued that the indexes of ordinal utility can be cardinalised. Lange (1934) tried to do this first by obtaining preferences not only of consumer bundles, but also of the movements between bundles. Lange initiated a series of discussions on the determinateness of the utility function. He tried to prove that from two postulates the measurability of utility is guaranteed: (1) given any two combinations of consumer's goods, the consumer is able to state that one is preferred to the other or equally preferred and (2) given any four combinations of consumers' goods, the individual is always able to place the movements in ordinal relationship. Lange's weakness was his assumption of linear transformation involving scale and origin constants. However, he was later to be proved wrong by Samuelson (1938) . 9 Later the Neumann-Morgenstern cardinal utility for interpersonal utility comparisons used in game theory was derived by the application of probability theory and the accounting of risk preferences. Willingness to pay for lottery tickets with different probabilities of different bundles containing an individual's preferences are used to derive a cardinal measure of utility. Arrow (1950) finally demonstrated all such measures as problematic for welfare economics and the field has been in disarray ever since [49] .
The mainstream of the economics profession plays lips service to the fact that utility is ordinal, but by means of indexing implicitly adopts cardinal utility in its application to theory. For example, indices of utility are derived from prices on the basis that MU1/MU2 = P1/P2. It is then maintained that a higher derived utility is merely expressive of a higher ranking, as opposed to adopting 1st, 2nd, etc for the marginal utilities (MUs). But if this were true, then MU1/MU2 = 20/15 is 'ordinally' equivalent to MU1/MU2 = 18/15; but both ratios cannot be equated with a single cardinal ratio for P1/P2.
However one tries to resolve the matter, one is always left with the impression of trying to square the circle between utility and price. After all, isn't utility the basis of price? Therefore must there not be a way from the one to the other that proves reconcilable? The positing of such questions is logical enough, but they are not rhetorical! They are not rhetorical because the two sides of the equation are incommensurate with one another. -This holds true not only logically because of the impossibility of performing mathematical operations upon ordinal rankings relative to cardinal measures as argued above. It also obtains more fundamentally because, whereas the right-hand side of the equation refers to objects (of price), the left-hand side refers to an individual subject (who is doing the preference ranking). How else can such a ranking be constituted? Ordinality implies judgment and judgment requires a subject to make such judgments. In the market context, there is no representative individual doing a ranking on the basis of some consensus standard of ordering. 10 Thus judgment and ordinality is inherently a subjective phenomenon.
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One possible approach to reconciling the two sides is by viewing the left hand side as related to goods as on the right hand side. But in that case, if we are to eschew all notions of 'intrinsic' value of objects as independent of their evaluators, viz, their subjective users, we are back at cardinal utility with the need for some form of interpersonal utility comparison in order to perform the necessary aggregations for the purposes of deriving their marginal value -at the margin of the aggregate for the particular goods in question. Such an approach turns the reconciliation into a superficial one (or one of convenience for the application of quantitative methods) that eschews subjectivism by embracing the 'intrinsic' value concept as the basis for quantitative theories through the back door. The variety and uniqueness of individual preferences are suppressed by the representative agent and invariant preference constructs are underpinning mainstream models. In reality, the values of individual goods are not independent of the act of valuation of their evaluators. 12 Prices do not represent any form of measure pertaining to the goods in question, but are rather expressions of valuation that convey useful information about current and planned (anticipated) arrangements of goods for economic action. Seen in this light, neoclassical indifference curve analysis is a pure (and unwarranted) reductionism of price to utility and from object to (an ideal) subject.
Subjectivism
Attempts at quantification have led to the analysis being increasingly focussed upon the objects, withdrawing attention ever further away from the subjective element that constitutes the basis of price formation. The cost of such withdrawal is the necessity of restrictive assumptions that turn against reality (such as transitivity 13 and invariance with respect to time, which are all bound up with the problem of judgment and choice in the first place), thereby turning price theory increasingly into an empirical "science" devoid of subjective content.
Such content, however, becomes vital to the ability of prices to transmit information in the market context; to realise that prices are expressions of individual wants in relation to availability. To ignore the subjective basis of price theory is to fail to appreciate the informational surrogate role of prices. It not only provides knowledge about the relative scarcity of goods in meeting individual wants (utilities), but also information that affects individual preferences. It does so in a way that can never be regarded as "given" in any of the senses that it has conventionally become necessary to "fix" before being able to apply indifference curve analysis to it.
So whereas the quantitative theorist can agree that utility is ordinal, he simply evades the problem of aggregation, having attempted to transform its necessarily subjective basis into an objective one. His indifference curves are then based on empirical data sets, which render them sterile or of only historical interest. If the neoclassical economist intends to apply this technique generally -which he most certainly does-he can only do so predicated on arbitrary restrictive assumptions. He goes too far when, knowing that marginal utility must form the basis of price formation, he forgets all about his restrictive assumptions and tries to apply his indifference curves to marginal utility considerations 14 , for example, when trying to justify the higher value of a dollar to a poor person relative to a rich person.
Conclusion
No reconciliation is possible between Austrian and mainstream economists on this matter because of the limitations of the quantitative method which can only deal with the objective phenomena surrounding the subjects that dispose over them (through ownership and control). The quantitative neoclassical theorist necessarily eschews a subjectivist approach to the problem. He nonetheless hangs onto the only notion of subjectivity which he believes can be integrated into a pure quantitative theory or provides it with an interface: the notion of indifference. For if one can be indifferent between two things, does that not necessarily imply a measure of equality? But given the nature of ordinal choice and its relation to the subject (not merely a relation of measure between objects), this theory can say very little about the objects that fall on either side of the indifference map of individual choice. This is because of the arbitrary restrictive assumptions upon which such reasoning (explicitly or implicitly) must rest. The measure of equality is accidental (in the sense that it is place and time bound). It lacks general applicability because of the arbitrary assumption of having to maintain a static state of welfare that can be traced back to Walras' theorem of equivalent redistributions. Such a condition does indeed provide an objective solution to the problem; if only it could be made to stick in the real world.
9. Lange's theorem rested on the critical assumption that agents' ordinal utility functions are linear under the transformation to preferences over readjustments. Samuelson showed that there is no a priori reason to assume why an individual's preference scale should obey such an arbitrary restriction. 10. Not only do individuals rank things differently and in incompatible ways, but some do not rank at all (at least not in the rational sense) according to some. For example Jung (1971) classifies individuals into four broad functional categories, arguing that for any individual to function coherently in the world he has to develop one of them as his superior function to which the other functions become subordinate (separately as inferior and auxiliary functions) whenever a conflict in the rankings in the context of human action arises. Thus there are the rational types, who are either differentiated thinking or feeling individuals whose value rankings are predicated upon one or the other of these two functions, generally suppressing the other whenever a conflict arises. In contrast; there are the nonrational, but perceptive types, the sensation and intuitive individuals, whose value systems are not based on rankings per se, but upon the intensity of their experiences, seeming wholly irrational to the rational types (but that may nonetheless use one of the rational functions as an auxiliary function in order to communicate coherently with others). This analysis is in sharp contrast to the Austrian view of rationality as purposefulness (see on this Mises, 1998 and Kirzner, 1973 .) 11. States Hayek (1979, 52) : "And it is probably no exaggeration to say that every important advance in economic theory during the last hundred years was a further step in the consistent application of subjectivism." Also, see the following on this issue: Barnett, 1989; Block, 1988; Buchanan and Thirlby, 1981; Buchanan, 1969 Buchanan, , 1979 Butos and Koppl, 1997; Cordato, 1989; DiLorenzo, 1990; Garrison, 1985; Gunning, 1990; Kirzner, 1986; Mises, 1998; Rizzo, 1979 Rizzo, , 1980 Rothbard, 1979 Rothbard, , 1997 Stringham, 2008. 12 . Without using it as analogy, this conclusion has an uncanny resonance with the implications of wave-particle theory of quantum physics, where the act of observation is seen to influence the results of experiments. 
